Abstract. This paper gives examples of function fields K 0 over a finite field F q of p power order ramified only at one finite regular prime over F q (t), which admit infinite Hilbert p-class field towers. Such a K 0 can be taken as an extension of a cyclotomic function field F q (t)(λ p m ) for a certain regular prime p in F q [t].
Introduction
Let K = F q (t) be a function field of one variable over the finite field F q of q elements, where q is a power of a prime p. Let A = F q [t] be the ring of integers in K, integral away from ∞ in K. Let K 0 be a finite separable extension of K. Denote by S K 0 the set of all infinite places in K 0 . For i = 0, 1, 2, . . . , take the maximal abelian unramified p-extension K i+1 of K i in which all infinite places split completely. If there are no integers i ≥ 0 such that K i = K i+1 , we say that K 0 admits an infinite Hilbert (p, S K 0 )-class field tower. For any multiplicative abelian group A, denote by d p (A) = dim Fp (A/A p ) the p-rank of A. For a function field F , denote by O F the ring of integers of F integral away from all infinite places and denote by O * F the group of units in O F . Also denote by Cl F andCl F the ideal class groups of F and O F respectively. Schoof showed in [Sc] that K 0 admits an infinite Hilbert (p, S K 0 )-class field tower if d p (Cl K 0 ) is big enough, i.e.
) is very big. Let K ac be an algebraic closure of K. For any f ∈ A and u ∈ K ac , Carlitz defined in [Ca1] and [Ca2] an action u f = f (ϕ + µ)(u), where ϕ : K ac → K ac is the Frobenius automorphism u → u q and µ : K ac → K ac is multiplication by t. This action gives K ac an A-module structure. The set of f -torsion points Λ f := {u ∈ K ac |u f = 0} is a cyclic Amodule. Denote by λ f a generator of Λ f . The function field K(λ f ) obtained by adding all f -torsion points is the cyclotomic function field for f . An irreducible p ∈ A is defined to be regular if p ∤ |Cl K(λp) | and irregular otherwise. If p is very irregular, thus d p (Cl K(λ p m ) ) is big, then Schoof's theorem shows that K(λ p m ) will be very likely to admit an infinite Hilbert class tower. The examples K 0 in this paper, which have infinite Hilbert class field towers, will be extensions of cyclotomic function fields K(λ p m ) with certain regular irreducibles p and positive integers m. The main theorem is:
. Suppose there exist a cyclotomic function field K(λ p m ) = F q (t)(λ p m ) for some m ∈ N and a cyclic unramified Galois extension H/K(λ p m ) of prime degree h = p, in which all infinite places split completely, which satisfy either of the following two conditions:
Then there is a function field K 0 ramified only at p and ∞ over F q (t) that admits an infinite Hilbert (p, S K 0 )-class field tower.
As an application we will show:
Infinite class field towers
Let K(λ p m ) = F q (t)(λ p m ), and let H be a cyclic unramified Galois extension over K(λ p m ) of prime degree h, where all infinite places split completely. Denote by O K(λ p m ) and O H the rings of integers of K(λ p m ) and H, integral away from the infinite places.
. We will use theŠafarevič-Golod theorem for the proofs of Propositions 2.1 and 2.4.
Proposition 2.1. Under condition (I) in Theorem 1.1, the function field H has an infinite Hilbert (p, S H )-class field tower, where S H is the set of infinite places in H.
Proof. Since p||Cl H |, we can pick a degree p cyclic unramified extension M 0 /H in which all infinite places split completely.
, which is the composite of all conjugates of M 0 over K(λ p m ). The Galois group Gal M 0 /H is of the form (Z/pZ) l for some l ∈ N, and Gal
is the Galois group of the maximal unramified p-extension Ω H of H where all infinite places split completely. Therefore f p,h ≤ i ≤ l ≤ h 1 . Since f p,h > 4 by condition (I) and the function x 2 − 4x is increasing on x ≥ 2, we have f
If Ω H were finite, theŠafarevič-Golod theorem would imply that h 2 1 − 4h 1 < 4h 2 − 4h 1 . Also by the proof in Theorem 2.3 in [Sc] we would have h 2 − h 1 ≤ |S H | − 1. Thus
in contradiction to condition (I).
From now on we will focus on the case under condition (II) in Theorem 1.1. We know the principal prime ideal ( Proof. For any integer k ∈ N, we have the following exact sequence from class field theory (Proposition 1.1 in [Au] )
where O * S H is the group of units outside S H , the set of all infinite places in H. Consider the p-adic completionK p of K = F q (t) at p and the 
. We have a nature inclu-
, it is the pro-p-completion of
. Also a strong form of Leopoldt's conjecture is proved by Kisilevsky in [Ki] 
We will show M/L is unramified. First we consider the discriminant of H i /H, which is only ramified at p i . Since H i = H(y i ) and
. Now consider the discriminant of the compositum M/H. For each 1 ≤ i ≤ h, H i /H is ramified only at p i , so these extensions are linearly disjoint. The extension M/H, being the compositum of these extensions, has discriminant
Comparing these two equations, we get δ M/L = 1, i.e. M/L is unramified. 
otherwise Ω L /L is a finite extension. Then G is a finite p-group and Ω L admits no cyclic unramified extensions of degree p, in which all infinite places split completely. Let
By the proof of Theorem 2.3 in [Sc] we have (2.5) 
Combining Proposition 2.4 and Proposition 2.1, we can conclude Theorem 1.1 in the introduction.
is regular by the table in [IS] and f 3,532611841 = 88768640 thus f Corollary 3.2. The cyclotomic function field in Theorem 1.1 can be taken as F 7 (t)(λ t 2 ), F 11 (t)(λ t 2 ), F 5 (t)(λ t 3 ), F 3 (t)(λ t 4 ) and F 3 (t)(λ t 5 ).
Proof. From the table of the class numbers h
+ and h − of F q (t)(λ t m ) in [GS] , we know in all above cases t is a regular prime, thus p ∤ |Cl Fq(t)(λ t m ) |. To apply Theorem 1.1, we just need to verify the two inequalities f 
